Abstract. Let λ denote the probability Haar measure on T 2 . For any C 2 -Anosov diffeomorphism of the 2-torus preserving λ with measure-theoretic entropy equal to topological entropy, we show that the set of points with nondense orbits is hyperplane absolute winning (HAW). This generalizes the result in [12, Theorem 1.4] for C 2 -expanding maps on the circle.
Introduction
For a dynamical system f : X → X on a set X with a topology, we say that a point has nondense forward orbit if its forward orbit closure is a proper subset of X, and we call the set of these points the nondense set and denote by it N D(f ). The study of nondense orbits is important for the interactions between ergodic theory and Diophantine approximation and, partly inspired by this, there has been much recent interest in these sets (see [1, 3, 5, 6, 9, 12, 14, 15] for example). Of particular interest is the size of N D(f ) and whether these sets have the winning property (see Section 2 for the precise definition), which is a strengthening of having full Hausdorff dimension and is stable under intersections. Almost all of the known dynamical systems that have winning nondense sets are (piecewise) linear or come from automorphisms. A class of exceptions is the result by the author for C 2 -expanding self-maps on the circle [12, Theorem 1.4] . There is also a recent result by W. Wu [15, Section 2] for partially hyperbolic diffeomorphisms on compact manifolds in which the diffeomorphisms are conformal when restricted to the unstable manifolds or the unstable manifolds are one-dimensional. Wu's result, however, shows only that the nondense set when restricted to an unstable manifold is winning, but does not show that the whole nondense set is winning.
1 General diffeomorphisms present a challenge in dimensions higher than one for determining whether the nondense set is winning or not.
1.1. Statement of results. The purpose of this brief note is to show that a large, natural class of nonlinear self-maps on the 2-torus have winning nondense sets, thereby, giving a large, natural class of higher dimensional examples of winning nondense sets for more general diffeomorphisms. Since the winning property is stable under intersections, our results, in fact, also apply to nondense complete orbits. Let λ denote the probability Haar measure on T 2 . Our result is the following.
is hyperplane absolute winning (HAW) and thus has full Hausdorff dimension.
The author acknowledges the research leading to these results has received funding from the European Research Council under the European Union's Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement n. 291147. 1 Wu's result does imply that the whole nondense set has full Hausdorff dimension, which is a significant result. We are, however, interested in the strengthening to winning because of its stability under intersections. In particular, our result, Theorem 1.1, applies to the smaller set of points with nondense complete orbits because the winning property is stable under intersections and shows that this smaller set also has full Hausdorff dimension.
Note that the hyperplane absolute winning property is a variant of the winning property and implies it (see Section 2).
Remark 1.3. Since the countable intersection property holds for all HAW subsets on T 2 (see Section 2), we may intersect the set from (1.1) with any countable family of HAW subsets on T 2 and still retain the HAW property and thus also retain the property of having full Hausdorff dimension. For example, the intersection of the set from (1.1) with any countable collection of badly approximable vectors on T 2 (which is HAW [4, Theorem 2.5]), is still HAW and thus has full Hausdorff dimension. 
Winning and hyperplane absolute winning
The winning property was introduced by W. Schmidt [11] in 1966 and has many later variants (see [4, 8, 10] ). We define the winning property and one particular strengthening, the hyperplane absolute winning (HAW) property, for R d . HAW was introduced in [4] .
Let 0 < α < 1 and 0 < β < 1. Let S ⊂ R d and ρ(·) denote the radius of a closed ball. Two players, Alice A and Bob B, alternate choosing nested closed balls
on R d according to the following rules:
A set S is called (α, β)-winning if Alice has a strategy guaranteeing ∩ i B i lies in S for the given α and β. A set S is called α-winning if it is (α, β)-winning for the given α and every β. A set S is called winning if it is α-winning for some α. These sets have four important properties for us [10, 11] :
Lemma 2.1. Properties of winning sets.
(1) An α-winning set in R n is dense and of full Hausdorff dimension.
(2) A countable intersection of α-winning sets is α-winning.
(3) An α-winning set in R n with a countable number of points removed is α-winning.
The image of an α-winning set under a bilipschitz map is α ′ -winning, where α ′ depends only on α and the map.
Now fix a k ∈ {0, 1, · · · , d−1} and restrict 0 < β < 1/3. Bob initially chooses x 1 ∈ R d and r 1 > 0 and forms a closed ball B 1 = B(x 1 , r 1 ). At each stage of the game, after Bob chooses x i ∈ R d and r i > 0, Alice chooses an affine subspace L of dimension k and removes an ε i -neighborhood A i = L (ε i ) from B i := B(x i , r i ) for some 0 < ε i ≤ βr i . Then Bob chooses x i+1 and r i+1 ≥ βr i such that
A set S is said to be k-dimensionally β-absolute winning if Alice has a strategy guaranteeing that ∩ i B i intersects S. A set S is k-dimensionally absolute winning if it is k-dimensionally β-absolute winning for every 0 < β < 1/3. We call (d − 1)-dimensionally absolute winning sets hyperplane absolute winning (HAW) sets. These sets have three important properties for us [4, Proposition 2.3]:
Lemma 2.2. Properties of k-dimensionally absolute winning sets.
(1) HAW (and thus k-dimensional absolute winning for all 0 ≤ k ≤ d − 1) implies α-winning for all 0 < α < 1/2. (2) The countable intersection of k-dimensionally absolute winning sets is k-dimensionally absolute winning. (3) The image of a k-dimensionally absolute winning set under a C 1 diffeomorphism of R d is k-dimensionally absolute winning.
Proofs
Proof of Theorem 1. Proof of Corollary 1.2. The desired result follows from the theorem and (1) and (2) [10] and (4) from Lemma 2.1) to carry out the proof in this paper. Finally, for pairs of toral mappings, one can consider the set of points that are nondense under one of the pair and dense under the other, a problem first considered in [2] . The nonlinear case for this setup of simultaneous dense and nondense orbits is also interesting, and, for generic pairs of C 2 -Anosov diffeomorphisms of T 2 , it is known that the desired set is uncountable and dense [13, Theorem 1.3] .
